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Because of the complexity of tracing rays through a gradient refractive index medinm, the I~man 
eye's lens is sometimes approximated by a shell sOuetmre with constant refractive index within shells. 
In the shell model, power arises from a combination of an axial variation in index and the corvatmes 
of  the shell surfaces. We develop an equation which gives the power due to the gradient imlex of  the 
lens, and use this to choose shell models that have the same power as the continuous gradient index 
model. Some types of shell models are described and evaluated. 
Gradient refractive index Lens Raytracing 
INTRODUCTION 
The lens of the eye has a gradient refractive index. While 
this has been known since last century (see Gullstrand, 
1909) we still do not know the details of this distribution. 
Whether it is a smooth gradient or contains some 
discontinuities (Huggert, 1948) is still open to some 
debate. However, until there is evidence that these 
discontinuities, if they exist, are optically significant, 
we will take the parsimonious approach and assume the 
simplest model, i.e. assume the index smoothly varies. 
In the optical modelling of the crystalline lens, two 
different models are used. These are the continuous 
gradient index model (Blaker, 1980; Smith, Pierscionek 
& Atchison, 1991) and a shell model (Gullstrand, 1909; 
Pomerantzeff, Pankratov, Wang & Dufault, 1984). The 
shell model is often prefered because the ray tracing 
procedures are simpler. However, there are fundamental 
differences in optical properties between these two 
models, with the shell model being the artificial approxi- 
mation. To use the shell model, we need to establish rules 
for constructing a shell model that we are confident will 
lead to a valid approximation to the continuous gradient 
index model. 
The power of the lens of the eye has two components, 
(i) the contribution from the surface refractions and 
(it) the contribution from the variable refractive index. 
Here we are only concerned with the power due to the 
variation in index and therefore we will ignore the 
surface refractions. By ignoring the surface refractions 
we can regard the lens as a slab of material with parallel 
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sides. We will use this model with certain additions to 
look at the continuous gradient index and shell models, 
starting with the continuous gradient index model. 
THEORY AND METHODS 
The continuous gradient index model 
Figure l shows a lens in the form of a slab of material 
of  thickness t, which has a gradient refractive index and 
immersed in a medium of refractive index #. We can 
determine the power of this lens by tracing the ray ~¢~¢', 
assuming it is a paraxial ray, and finding where this ray 
crosses the optical axis at ~-'. This lens will then have 
a back vertex focal length f 'v  and a corresponding back 
vertex power F ' ,  which are related by the equation 
F" = p/f{. (1) 
The paraxial ray must pass through the point ~- '  for all 
ray heights Y. According to Fermat's principle, this will 
be so providing the optical path lengths for the two ray 
paths ~ '~- '  and M~¢'~-" are equal. Denoting the 
optical path length by square brackets, we must have 
i.e. 
[~v'~/:'] -- [~¢..~¢q = +#~/(y2  +f ;2 )  _ /af . .  (2) 
Since in the paraxial approximation Y/f~<< I, we can use 
the binomial theorem to express this equation in the 
form 
[~v ' f ' ] -  [z~gz~¢'] = #.f~, {I + Y2/(2f~,2)- y4(8f;3) 
+ higher order terms in Y} - /~f i .  
Since we are only seeking an equation for power, we 
are only dealing with paraxial optics and therefore can 
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F IGURE 1. Determination of the gradient refractive 
contribution to the power of a lens. See text for details. 
index 
neglect erms in Y of order higher than y2. These higher 
order terms are spherical aberration terms. Thus this 
equation can now be written as 
[~U~U '] -- [~¢~¢'] =/a Y2/(2f'v). 
Using equation (1), we can write this equation in terms 
of the power in the form 
rv = 2{p//'~'] - [~¢s¢'1}/y2. (3) 
If we now denote the gradient refractive index by 
N(Y ,Z) ,  then the optical path length for the ray path 
f~ '  is 
oiN(O, Z )dZ 
and the optical path length for the ray path d~¢'  is 
oN(Y,  Z )dZ.  
In terms of these integrals, equation (3) can be written 
}/ Fv = 2 N(O, Z )dZ - N(Y ,  Z)}dZ y2. (4) 
Now using the Nij representation f Moore (1971) 
N(Y ,Z)= No(Z)+ N, (Z)y2  + N2(Z)Y4 +. . .  (5) 
where No(Z), N~(Z) etc. are polynomials in Z, and in 
particular 
No(Z) = No,o + No.,Z + N0,zZ 2 +. . .  (6a) 
and 
N~(Z) = Ni,0 + NuZ + NL2Z 2 + . . . .  (6b) 
Substituting the right hand side of equation (5) into 
equation (4) gives 
F'v = 2 No(Z) - {N0(Z) + N,(Z)  Y 2 
+ N2(Z) y4 +. . .}}dZ/y2 ,  
i.e. 
f'( F'~ = - 2 N~(Z) + N2(Z) y2 +. . . )dZ .  
do 
(7) 
Since the power is only defined in the paraxial region, 
we ignore the terms containing Y of second and higher 
order and thus we have an expression for back vertex 
power 
fo Fv=-2  N,(Z)dZ.  (8) 
The terms containing Y in equation (7) would be 
aberration terms. 
Alternatively, using the form of N~(Z) from 
equation (6b), we have 
f, F'~ = - 2 (NI,o + NuZ + N~.2Z 2 + . . )dZ (9a) 
dO 
or  
Fv = -2(N~,0t + Nlfl2/2 + NLd3/3 
+ NLat4/4 q- Ni,4ts/5 -F. . . ) .  _ (9b) 
While terms containing Y in equation (7) are neglected 
because the power F~ must be independent of Y, this 
equation shows that this power is dependent only upon 
the coefficients {N~j,j  =0, 1 ..} which are the co- 
efficients of y2 in the refractive index function N(Y ,Z)  
given by equations (5) and (6b). It therefore shows that 
the power does not depend on terms of higher order than 
y2 in the N(Y ,Z)  function. These higher order terms are, 
in effect, aberration terms. 
The shell model 
In the shell model shown in Fig. 2, the gradient 
index lens is represented by a set of concentric shells, 
with the refractive index constant in each shell. In the 
construction of such a model, we need to decide 
(a) the number of shells; 
(b) how the refractive index varies from shell to shell; 
(c) the value of the curvatures of the surface of each 
shell. 
F IGURE 2. A shell model of the lens. 
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Once the shell structure is established, paraxial 
ray tracing can be used to determine the lens power. 
Gullstrand (1909) represented the lens with only two 
shells but if we intend to accurately represent he 
continuously varying index by such a shell structure, 
we should take a large number of shells. For example, 
Pomerantzeff et al. (1984) used 200 shells. 
Given such a shell structure, we can find the power 
without ray tracing, provided the power is not too great, 
by using Fermat's principle as we did above for the 
continuous gradient index model. 
Figure 3 shows the inside of the (slab) lens represented 
by a shell structure but only showing three adjacent shell 
surfaces. On the axis, the first of these shells is at position 
Z - fZ,  the second is at position Z and the third is at 
position Z + &Z. Let us represent the refractive index 
along the axis by the function n(Z). The refractive index 
between the first and second shells is represented by 
n (Z - &Z/2) and the refractive index between the second 
and third shells is represented by n (Z + &Z/2); these are 
the indices mid-point between adjacent shells. The opti- 
cal path difference (OPD) between the axial ray and a 
ray at a height Y above the axis, induced by the surface 
at Z, is 
OPD = n(Z + 6Z/2)~ - n(Z - 6Z/2)~cg. 
Taking ~8 and ~c~ as the distance s and using the 
Taylor expansion gives 
OPD = n(Z + 6Z/2)s - n(Z - 6Z/2)s 
= {(n (Z) + n'(Z)&Z/2) - (n (Z) - n ' (Z)fZ/2)}s 
= n ' (Z)s fZ  
where n'(Z) is the derivative of n(Z). 
Now in the paraxial approximation 
s = C(Z)YZ/2 
and so 
OPD = n'(Z)C(Z)(  Y2/Z)fZ. 
Summed over all the shells, this optical path difference 
is thus 
OPD = Zn'(Z)C(Z)(Y2/2)fZ. (10) 
If we now take limitingly small increments, this 
summation becomes an integral which is in turn 
I ~C(Z)  t 
f 
/ / 
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FIGURE 3. The path of two rays through part of a shell model. 
See text for details. 
equivalent to the quantity [~v~'] - [d~¢'] in Fig. 1 and 
in equation (3). Thus we now have 
F'~ = f n ' (Z )C(Z)dZ (11) 
which shows, that providing n(Z) is not constant, the 
shell model will have some power. 
Comparison of continuous gradient index and shell models 
If we now desire a shell model that is equivalent to 
the actual continually varying refractive index model, we 
must equate the back vertex powers for the continuous 
gradient index model and the shell model [equations (8) 
and (11) respectively]. That is, we have 
f, Fv= n ' (Z)C(Z)dZ=-2  N~(Z)dZ (12) do do 
where n(Z) is not necessarily the same as N(O,Z). 
In general C(Z) will vary with Z. 
Examination of equation (12) leads to the following 
conclusions. 
(I) A shell model made with an infinite number 
of shells can be made to have the same power 
as the continuously varying refractive index 
model. The shell model has no unique solution, 
i.e. a number of different shell models with 
different combinations of n(Z) and C(Z) can 
be equivalent 
(2) The variation of index n(Z) along the axis in 
the shell model may be of any form, including 
linear. 
In the above derivations, we have assumed that the 
height of the ray above the axis does not change (d~¢'  
in Fig. l and ~ in Fig. 3), while it would in fact change. 
This approximation will lead to an error in F~ which can 
be determined by finite raytracing through a gradient 
index lens with rays close to the optical axis (Smith et al., 
1991). However, the same approximation applies to both 
models and therefore any errors induced by this approxi- 
mation will reduce differences between the middle and 
the right side of equation (12). 
While we have only looked at the case of an infinite 
number of shells, in practice when raytracing through 
the shell model a finite number of shells must be used. 
The above conclusions will also apply to this finite 
model. However, as in all cases when we represent a
continuously varying function by a finite set of values, 
the results from the two models will be different with the 
difference generally reducing with the increase in the 
number of shells taken. 
We will now explore the conditions under which 
equation (12) is satisfied and check for errors induced by 
the assumption that the ray d~¢'  has constant ray 
height. First we need to set up a gradient index lens 
model. 
A gradient index lens model 
At present we still do not know the exact refractive 
index structure of the lens. Until this is known, all we can 
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do is postulate structures that are possible as well as 
convenient to analyse. Such a structure is the iso-indicial 
model of Smith et al. (1991). They assumed that in any 
direction from the centre to the edge of the lens, the 
refractive index satisfied the equation 
N(r )  = co +et r  2 + c2r 4 + c3 r6 + Ca r~ q- • • - ( I 3) 
where r is the normalized istance in any direction and 
Co,C~ etc. are coefficients. They also assumed that the 
iso-indical contours were concentric ellipses, and that the 
lens was made up of two half ellipses joined smoothly at 
the equator. For the front half of the lens, with the axis 
origin (0,0) at the outer surface, an iso-indical surface 
was described by the ellipse 
(Z  -- a t )2 y2 
f (Y ,Z) -  a~ + h2 (14a) 
where for the outer surface which is also an iso-indical 
contour 
f (Y ,Z)= 1. (14b) 
Here a~ is the horizontal semi-axis length of the ellipse 
and b is the semi-axis length in the Y-direction (i.e. it is 
the equatorial radius of the lens). Thus the refractive 
index N(Y ,Z)  at any point (Y,Z) inside this half would 
be given by the equation 
N(Y ,  Z) = co + c,.f(Y, Z )  + c2 f (g ,  Z) :  
+c3 . f (Y ,Z) '+c<f (Y ,Z)4+ . . . .  (15) 
Comparing equation (15) with the form of 
equation (5), Smith et al. determined expressions for 
the N,,/ coefficients in terms of co, c~, c2, and c~, where c4 
and higher terms are 0. For the front half of the lens 
Nl.o = (cl + 2c2 + 3c3)/b 2 
NI, I = (--4C 2 -- 12c~)/(alb 2) 
Ni ,  2 = (2c 2 + 18c3)/(a~b 2) 
Nl,~ = -- 12c3/(a~b 2) 
N,,  4 = 3c3/(a4b2). (16)  
For the back half of the lens, with the axis origin (0,0) 
placed at the equatorial plane of the lens, an iso-indical 
surface satisfies the equation 
Z 2 y2 
f (Y ,Z)= , + b2 (17a) ag 
where for the outer surface which is also an iso-indical 
contour 
. I tY,  Z) = I (17b) 
and a2 is the horizontal semi-axis length of this rear part 
of the lens and b, as before, is the equatorial radius of 
the lens. For this part of the lens, Smith et al. showed 
that 
N~,o = cl /b 2 
NI. 2 = 2c2/(a~b 2) 
NI. 4 = 3c3/(a4b2). (18)  
Power o f  this model. We can substitute the relevant 
expressions above for the N u coefficients in equa- 
tions (9a) and (9b). I f  we assume that the highest 
coefficient in equation (13) is c3, for the front half of the 
lens we have 
(F;), = -2a~(c, + (2/3)c2 + (3/5)c3)/b 2 (19a) 
and for the back half of the lens, we have 
(F;)2 = -2a2(c,  + (2/3)c2 + (3/5)e3)/b 2. (19b) 
If the powers are small, we can add them and because 
t = at + a2 the power of this lens due to its gradient index 
alone is thus 
F; = -2 ( t /b2) (c ,  + (2/3)c2 + (3/5)c3). (19c) 
If there were additional terms up to ch, the power 
of a lens due to a radial symmetry of refractive index 
distribution would appear to be given by 
F; = - (2 t /b2)Zhg_ lg / (2g  - l)cg (19d) 
although we have not confirmed this equation with a 
rigorous derivation. 
Some shell models' 
in the types of shell model that are described below, 
we assume that the gradient refractive index of the lens 
follows the normalized radial distribution described 
above. For raytracing with the shell models, the distance 
between the shells will be taken as constant. 
Model  simulating normal ized radial symmetD,  q[" 
r~ffractive index distribution. We investigated whether a 
shell model can be equivalent o the gradient index 
model where the shell model has the same refractive 
index variation along the optical axis as does the 
gradient index model, i.e. n(Z)=N(O,Z) ,  and shell 
curvatures are chosen to correspond to the iso-indical 
contours of the normalized radial symmetrical 
distribution (Fig. 4). 
First we will look at the front half of the lens, with the 
origin for the co-ordinate system at its vertex. For the 
gradient index distribution in two dimensions, all points 
with the same refractive index distribution are on ellipses 
given by equations (14a) and (14b), each iso-indical 
surface contour has separate values o f f (Y ,Z)  and with 
the surface having a value of unity and other contours 
having values less than unity. The curvature at the axial 
vertex of this ellipse is given by Smith et al. (199l) 
C( 1 ) = al/b 2. (20) 
The axial curvature for an ellipse intersecting the optical 
axis at any position Z is given by 
C(Z)  = (a,/b2)(a~/(a, - Z ) )  
= al2/((al Z)b2) .  (21)  
In equation (13), the normalized istance from the lens 
centre in the horizontal meridian is 
r = (al - Z ) /a , .  
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FIGURE 4. The iso-indical contours of a radial symmetric shell model. 
The gradient index distribution to be used in the 
horizontal meridian is thus given by 
n(Z)  = Co + c,(a, - Z)Z/a~ + c2(a, - Z)4/a~ 
+ c3(a, - Z)6/a 6 + . . . .  (22) 
The derivative of n(Z)  is thus 
n ' (Z)  = -2q(a ,  - Z)/a~ - 4c2(a, - Z)3[a~ 
- 6c3(a, - Z)5/a~ + . . . .  (23) 
Replacing the right-hand side expressions in 
equations (21) and (23) for C(Z)  and n ' (Z)  into 
equation (11) gives 
F; = (1/b 2) { -2c,  - 4cz(a, - Z)2/a~ 
-- 6c3(a I --  Z)4 /a  4 +. . .}dZ 
= - (2 /b2) [c l /Z  + 2/3c2(a, - Z)3/a~ 
+ 3/5c3(a, - Z)5/a~ +. . . ]g '  
= -2a~(cl + (2/3)c2 + (3/5)c3) +. . . ) /b  2 
which is identical to equation (19a), and shows that for 
paraxial ray tracing purposes we can indeed replace the 
front of a normalized radially symmetrical gradient 
index lens by a shell lens, where their curvatures and 
refractive index distributions match along the horizontal 
meridian. It is obvious that this will occur for the back 
half of the lens and therefore for the whole lens. but for 
completeness we will establish relevant equations for the 
back half of the lens. 
For the back half, the origin for the co-ordinate 
system is the lens centre and the iso-indical ellipses are 
given by equations (17a) and (1719). Each iso-indical 
surface contour has separate values off(Y, Z) and with 
the surface having a value of unity and other contours 
having values less than unity. The curvature at the axial 
vertex of this ellipse is given by Smith et al. (1991) 
C(1) = -az ]b  z. (24) 
The axial curvature for an ellipse intersecting the optical 
axis at any position Z is given by 
C(Z)  = -a~(Zb2) .  (25) 
In equation (13), the normalized distance from the 
lens centre in the horizontal meridian is r = Z]a2. The  
gradient index distribution to be used in the horizontal 
meridian is thus given by 
n (Z)  = Co + c,Z2]aZ2 + c2Z4/a~ + c3Zn/a 6 +. . .  (26) 
and n ' (Z)  is 
n ' (z )  = 2c,Z/a~ + 4c2Z3/a~ + 6c3Z~la~ + . . . .  (27) 
Replacing the right-hand side expressions in equa- 
tions (25) and (27) for C(Z)  and n ' (Z)  into equation (11) 
gives 
F; = (l/b 2) -2c ,  - -  4c2Z2/a~ - -  6c3Z4/a~ +. . .}dZ 
= _ (2/b2)[c,Z + 2/3c2Z3/a~ + 3/5c3ZS/a~ +...]~2 
= - 2a2(c, + (2/3)c2 + (3/5)c3) +. . . ) ]b  2 
which is identical to equation (19b). 
Let us now look at the shell model using a finite 
number of shells (Fig. 5). A simple program was written 
to trace a paraxial ray through a system ofk shells within 
the surfaces of a parallel sided block. If this ray has an 
angle u = 0 relative to the axis, meets the first surface at 
a height h = l, the incident height at the back surface of 
the slab is h', and the final angle in image space is u', 
® 
u=O 
~- . -  a l - - - . - i~ .  
i=1 
k-2 
.~...Equator 
I 1 I I I I I I 
H i I 
r -i F I a~ a~ 
® 
FIGURE 5. Parameters of the radial symmetric shell model. See text 
for details. 
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then the equivalent power F and back vertex power F~ 
are given by the equations 
F = t in ' ,  F'~ = I~u' /h  '. (28) 
For the front half of the lens, the distance between shells 
is given by 
d( i )  = a~/k.  (29) 
From equation (21) the curvature of the ith shell within 
the block is given by 
C(Z i )  = a~/ ( (a t  - Z i )b  2) (30) 
where 
Z~ = (a , /k ) ( i  - 1). (31) 
The refractive index on the object side of the first shell 
is given by 
n(0) = c0+ cl + c2 + c3 +" " " . (32) 
The refractive index between any two shells is taken 
here as the refractive index for the point midway 
between the two shells, i.e. for the ith and (i + l)th shells 
at a Z-value of 
Z = (a , /k ) ( i  - 0.5) (33) 
for which the normalized istance r is 
r = (a l  - Z ) /a l  (34) 
= (k - i + 0.5)/k. (34a) 
From equations (13) and (34a) the refractive index on 
the image side of the ith shell is thus given by 
n( i )  = c o + c , (k  - i + 0.5)2/k 2 q- c2(k i -[- 0.5)4 /k  4 
q- c3(k - i q- 0.5)6/k 6 q- • - • . (35) 
To pass from the kth and innermost shell of the front 
half of the lens, to the kth and innermost shell of the 
second half, their separation is 
d = (a~ + a2) /k .  (36) 
For the back half of the lens, the distance between shells 
is given by 
d( i )  = a2/k.  (37) 
From equation (25) the curvature of the ith shell within 
the block is given by 
c(z , )  = - a~_ l (Z ,h  2) (38) 
where 
Z,  = (a2/k  ) (k  - i + 1). (39) 
The refractive index on the object side of the kth shell 
is taken as the same as for the image side of the kth shell 
of the first half, which from equation (35) is 
n(k  ) = Co + c~(0 .5 /k  ) '~ + c2(0.5/k) 4q- c3(0 .5 /k  )0 q_ . . . . 
The refractive index between any two shells is taken here 
as the refractive index for the point midway between 
the two shells, i.e. for the ith and (i - l)th shells at a 
Z-value of 
Z = (a2 /k ) (k  - i + 1.5) (40) 
lbr which the normalized istance r is 
r = Z /a~ (41 ) 
= (k - i + 1.5)/k. (41a) 
From equations (13) and (41a) the refractive index on 
the image side of the ith shell is given by 
n( i  - 1) = co + c~(k - i + 1.5)2/k  2 + c2(k  - i + 1.5)4 /k  4 
+ c3(k - i + 1.5)6/k 6 -}-'" " .  (42) 
except for the first shell, for which it is given by 
n(O)  = co+ cl + c2 + c3 +"  • • • (43) 
It must be remembered for this and all other shell 
models, that for determination of the power of the 
complete lens, or for full raytracing through the lens, 
it is necessary to add the anterior and posterior surface 
curvatures with the usual refractive indices on either side 
of the surfaces. The refractive index must change when 
passing through the edges of the parallel block. In the 
example just described, this will have no effect as the 
refractive indices just inside the block are those just 
inside the surfaces. 
L inear  ax ia l  re f rac t ive  index  d i s t r ibut ion .  Another 
possibility of simulating the continuous gradient index is 
a simple model in which the variation in axial index is 
linear, e.g. see Raasch and Lakshminarayanan (1989). 
For the front half of the lens it has the form 
n(Z)  = n~ + (c0 - ne)Z  /aj  (44) 
where n~ is the refractive index at the axial vertex and co 
is again the refractive index at the centre of the lens. The 
refractive index ne could be obtained from the equation 
ne = co + cl + c2 + c3 + c4 + • • • 
or arbitrarily set. The derivative n ' (Z)  is 
n '(Z) = (c',,- %)/a l .  
From equation (11) the back vertex power of the front 
half of the lens is thus 
i 
a l  
(F;)~ = (c o - %)C(Z) /a ,  dZ. 
) 
This will be the power provided by a continuous gradient 
index [see equation (19a)] provided 
fo "(co - dZ ne) f  (Z)/al 
= -2a ,{c ,  + (2/3)c2 + (3/5)c3 +. . .} /b  2 
that is, 
f "C(Z)  = - 2(a~/b)2{c~ + (2/3)c2 dZ ) 
+ (3/5)c3 +.. .}/(co - %) .  (45a) 
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This has no unique solution for C(Z) .  One set of 
solutions has the form 
C(Z)  = AnZ", n = O, 1, 2 . . . . .  
The left-hand side of equation (45a) then becomes 
A,al"+t/(n + 1) 
and so the solution is 
C(Z)  = -2(n + 1)al~-"Z"{c, + (2/3)c2 
+ (3/5)c3 +...}/((Co - ne)b2). 
If we take the simplest solution, that is a linear solution, 
we use n = 0 above and so have 
C(Z)  = - 2(a~/b2){c, + (2/3)c2 
+ (3/5)c3) +...}/(Co - ne) (45b) 
which is a constant. 
For the back half of the lens, the refractive index 
distribution is 
n(Z)  = Co + (ne - co)Z /a2 (46) 
where ne could be the same as for the front half. It can 
be shown that, similarly for the front surface, a possible 
solution for C(Z)  is 
C(Z)  = 2(a2/b2){c, + (2/3)e2 
+ (3/5)c3 +...}/(Co - ne). (47) 
For raytracing with a finite number of shells, the 
procedure is similar to that previously described. For 
a system of k shells, the curvature for the front half of 
the lens is given by equation (45b) which is independent 
of Z, and hence i. Corresponding to this, the refractive 
index on the object side of the first shell of the front half 
of the lens is given by 
n (0) = ne (48) 
and the refractive index on the image side of the ith 
shell is given by equation (44) with the Z-value given by 
equation (33), i.e. 
n(i)  = n~ + (c o - ne)(i - 0.5)/k. (49) 
For the back half of the lens, the curvature is given by 
equation (47) which is independent of Z and hence i. 
The refractive index on the object side of the kth shell 
is the same as for the image side of the k th shell of the 
first half, which from equation (49) is 
n(k )  = ne + (Co - ne)(k - 0.5)/k. (50) 
The refractive index on the image side of the ith shell 
is given by equation (46) with the Z-value given by 
equation (40), i.e. 
n(i  - 1) = c o + (n~ - Co)(k - i + 1.5)/k (51) 
except for the first shell, for which it is given by 
n (0) = n~. (52) 
Anatomica l  surface curvature. Another possibility is to 
use a series of concentric curves in which the outer curves 
have the same curvatures as that of the anterior and 
posterior surfaces of the lens, denoted by R l and R z. For 
the front half of the lens, we have the curvatures given 
by 
C(Z)  = Rla,/(a, - Z ) .  (53) 
From equation (11) the back vertex power of the front 
half of the lens is thus 
fo2 
(F;), = R~a~n'(Z)/(al - Z )  dZ.  
do 
This will be the power provided by a continuous gradient 
index [see equation (19a)] provided 
o"2a,n'(Z)/(a, - Z )  dZ  
= -2a ,{c~ + (2/3)c2 + (3/5)c3 +...}~(Rib2). (54a) 
This has an infinite number of solutions for n ' (Z) .  
Let us choose the simplest solution, that is the one in 
which the function n ' (Z) / (a~-  Z)  is constant, and put 
n'(Z)/(a~ - Z)  = A. 
Then we have 
Aa~ = -2{c, + (2/3)c2 + (3/5)c3 +. . .}/ (Rl  b2) 
and so 
A = -2{c, + (2/3)c2 + (3/5)c3 +...}/(R,bZa,) 
thus giving the solution 
n'(Z) = -2(al  - Z){Cl + (2/3)c2 
+ (3/5)c3 +...}/(R~bZat) (54b) 
and thus 
n(Z)  = (a, - Z)2{c, + (2/3)c2 
+ (3/5)c3 +. . .} / (R~b2aO + constant. (55) 
For the back surface of the lens the corresponding 
values are 
C(Z)  = R2a2/Z (56) 
and 
n(Z)  = -Z2{C l  + (2/3)c2 + (3/5)c3 +...}/(R2b2a2) 
+ constant. (57) 
From comparing equation (53) with equation (21), 
and from comparing equation (56) with equation (25), 
the anatomical surface model will be identical to the shell 
model whose axial refractive index matches that of the 
actual refractive index distribution if 
Rt = al/b z and R2 = -az /b  2. 
For raytracing with a finite number of shells, the 
procedure is again similar to that previously described. 
From equation (53), the curvature of the ith shell within 
the block is given by 
C(Zi )  = Rla~/(a, -- Z,) (58) 
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TABLE I. The final ray heights and powers of the shell models as a function of  number of  shells (see 
text for further details) 
Normalized radial symmetric shell model/ 
anatomical surface curvature model Linear axial shell model 
Number - - 
of  shells h" (ram) F (D) F~ (D) h" (ram) F (D) F~ (D) 
5 0.9922 6.074 6.122 0.9922 6.108 6.156 
I 0 0.9917 6.438 6.492 0.9917 6.447 6.501 
50 0.9914 6.717 6.776 0.9913 6.718 6.776 
100 0.9913 6.752 6.811 0.9913 6.752 6.811 
1000 0.9913 6.782 6.842 0.9912 6.782 6.842 
10000 0.9913 6.785 6.845 0.9912 6.785 6.845 
Approximate F',. [equation (19c)]: 6.805 D. 
True F: 6.786 D. 
True F~: 6.846 D. 
where Zi is given by equation (31). The refractive index 
on the object side of the first shell is given by 
n(O) = al{c, + (2/3)c2 + (3/5)c 3+...}/(Rmb 2)
+ constant. (59) 
The refractive index on the image side of the ith shell is 
given by equation (53) with the Z-value given by 
equation (33), i.e. 
n(i)  = a~((k - i + 0.5)/k)2{c, + (2/3)C. 
+ (3/5)c 3+...}~(Rib 2) + constant. (60) 
For the back half of the lens, from equation (56) the 
curvature of the ith shell is given by 
C(Z,)  = R2adZi (61) 
where Zi is given by equation (39). The refractive index 
on the object side of the kth shell is taken as the same 
as for the image side of the kth shell of the first half, 
which from equation (60) is 
n(k)  = a,(O.5/k)2{c~ + (2/3)c2 + (3/5)c3 +. . .} / (R,b  2) 
+ constant. (62) 
The refractive index on the image side of the ith shell 
is given by equation (57) with the Z-value given by 
equation (40), i.e. 
n(i  - 1) = -a2( (k  - i + 1.5)/k)2{Cl + (2/3)c2 
+ (3/5)c3 +.. .}/(R2b 2) + constant (63) 
except for the first shell, for which it is given by 
n(O) = --a2{c, + (213)c2 + (3/5)c3 +. . .} l (Rd?)  
+ constant. (64) 
RESULTS 
The power due to the gradient index of the lens will 
now be calculated for different ypes of shell models, 
with emphasis on the effect of a finite number of shells 
on this determination. Let us look at a numerical 
example of a normalized radial symmetrical refractive 
index distribution. This example used refractive indices 
and the lens thickness of the Gullstrand No. i eye 
(Gullstrand, 1909). Values used for the continuous 
distribution were Co-- !.406 and Cl = -0 .02 with higher 
terms set to zero. The semi-axes for the front and back 
halves of the lens, a~ and a2, were !.7 and 1.9mm 
respectively, i.e. t =3.6mm. The equatorial semi- 
diameter was b = 4.6 mm. The edge refractive index 
of this model was 1.386. 
Computing raytracing programs were written to 
obtain results for the continuous refractive index distri- 
bution and for three shell models of this distribution. 
The results are presented in Table I. For the raytraces, 
the initial paraxial ray angle and height are u = 0 and 
h~ = l mm respectively. Results for the shell models 
include the final ray height h', equivalent power F and 
back vertex power F'~ as a function of number of shells. 
Also shown are powers obtained by using the approxi- 
mate equation (19c) and the true powers obtained by 
using finite raytracing through gradient index media 
with rays very close to the axis. 
For a detailed example, quantities obtained uring the 
raytrace are given for the normalized radial symmetric 
shell model, with five shells, in Table 2. For the front half 
of the lens, the equation to obtain the angle u(i)  on the 
image side of the ith shell is 
n( i ) .u ( i ) -  n ( i -  l ) -u ( i -  I) 
= C(Zi) -h( i ) [n( i  ) -  n( i  - l)] (65) 
and the equation to obtain the ray height h(i  + l) at the 
(i + 1)th shell is 
h(i  + l) = h(i)  - u( i) .d( i) .  (66) 
To pass from the kth shell of the front half of the lens 
to the kth shell of the back half of the lens, we use 
u(k # ) = u(k), h(k  # ) = h(k  ) - u (k  )-d (67) 
where d is given by equation (36) and the # symbol is 
used here for clarity to denote the back surface. For the 
back half of the lens, the equation to obtain the angle 
u( i -  l) on the image side of the ith shell is equation 
(65), but used in the reverse direction, and the equation 
to obtain the ray height at the ( i -  l)th shell is 
h( i -  I )=h( i ) -u ( i -  i ) -d ( i -  I). (68) 
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TABLE 2. An example of a paraxial raytrace for the normalized radial symmetric shell model with five 
shells 
Shell no. (i) C(ZJ r Zi n(i) u(i) h(i) 
0 1.386000 0.000000 
1 0.080340 1.0 0.000 !.389800 0.000220 1.000000 
2 o. 100425 0.8 0.340 1.396200 0.000679 0.999925 
3 o. 133900 0.6 0.680 1.401000 0.001135 0.999694 
4 0.200850 0.4 1.020 1.404200 0.001590 0.999398 
5 0.401701 0.2 1.360 1.405800 0.002045 0.998768 
5# --0.448960 0.2 0.380 1.405800 0.002045 0.997296 
4 # -- 0.224480 0.4 0.760 1.404200 0.002557 0.996324 
3# --0.149653 0.6 1.140 1.401000 0.003074 0.995156 
2 # --0.112240 0.8 1.520 i .396200 0.003597 0.993789 
1 # --0.089792 1.0 1.900 i .389800 0.004127 0.992206 
O# 1.386000 0.004382 
u" = n(O)*u(O)[lL = 1.386-0.110438245/1.336 = 0.110454646 [equation (69)1. 
F =tm" = 0.006074 ram- i or 6.074 D [equation (28)]. 
F',=lm'/h" =0.006122mm i or 6.122 D [equation (28)1. 
Symbols (see text for further details): C(Z~), curvature; r, normalized distance; Zi, distance; n(i), refractive 
index; u(i), paraxial ray angle; h(i), paraxial ray height. 
# denotes back half of lens. 
After the raytrace is completed as far as the back surface 
of the parallel sided block (the 0th surface), the final 
angle in image space is given by 
u" = n(O). u(O)/tt (69) 
and the equivalent and back vertex powers are given by 
equation (28). 
Normalized radial symmetric shell model 
The shell model with an axial refractive index which 
matches the actual refractive index distribution was 
derived from the above parameters. 
Linear axial shell model 
For the shell model with a linear axial refractive index 
distribution, we set the centre vertex refractive index to 
1.406 and we set the axial vertex refractive index in turn 
to three values: 1.386, the same as that of the gradient 
index model; 1.405 to produce a low refractive index 
gradient; and 1.20 to produce a high refractive index 
gradient. The results for the 1.386 axial vertex index only 
are shown in Table 1. However, the other two axial 
vertex indices give similar determinations of lens powers 
(within 0.1%) for any given number of shells. 
Anatomical surfaces curvature model 
For the shell model with anatomical surface curva- 
tures, R~ was set in turn to 0.05, 0.1 and 0.2ram -~, with 
R2 set to the value of R~ but with a negative sign in each 
case. Three values of the constant in equations (59), (60), 
(62), (63) and (64) were also used: 1.406, the lens centre 
refractive index; 1.3; 1.5. The results for R~ = 0.1 mm-  m, 
R2=--0 .01 mm m and a constant of 1.406 are very 
similar to those for the normalized radial symmetric 
model for any number of  shells; they are the same to the 
precision shown in Table 1 and accordingly a common 
set of results is given for the two models in the table. 
The choices of R~ and R2 make little difference to the 
determination of lens power for any given number of 
shells (within 0.1% of the results in Table 1). Also, 
varying the constant from 1.3 to 1.5 gives only a small 
change to the determination of lens power (within 0.2% 
of the results in Table 1) for any number of shells. 
Accuracy of approximate quation 
The approximate quation (19c) gives a back vertex 
power of 6.805 D which is only 0.041 D (0.6%) smaller 
than the true value. 
Comparison of shell models 
The axial shell models agree with each other to within 
1% for five or more shells. 
Convergence of results 
It is clear that a finite number of shells does not give 
the exact power results, but that the results converge 
to the true values as the number of shells increases. 
The axial shell models are within 1% of the true values 
by approx. 50 shells. 
Assumption of ray height constancy 
As mentioned previously, in developing our equations 
we assumed that the ray height of the paraxial ray 
does not change while within the gradient index lens. 
Examination of the final ray heights h" in Table 1 shows 
that they are within 1% of the initial ray height of 
1.0 ram, indicating that the assumption is reasonably 
valid. 
DISCUSSION 
We have developed a simple equation [equation (12)] 
showing how a gradient index distribution in the eye lens 
can be modelled as shell models with differences in 
refractive index between the shells and (usually) changes 
in cmTature of the shells. It is important hat anyone 
wishing to use shell models as a simple way to do 
paraxial raytraces through a gradient index lens should 
choose an appropriate combination of curvatures and 
refractive index distributions. 
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Generally, these shell models are not appropriate for 
determining the aberrations associated with gradient 
index distributions. The normalized radial symmetric 
shell model is appropriate provided that the refractive 
index distribution is actually normalized radially sym- 
metric, the shells are elliptical in shape rather than 
spherical (Smith et al., 1991) and a sufficient number of 
shells is selected. 
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